
4.6 Modeling Using Variation 
 
Skills Objectives 

 Develop mathematical models using direct variation. 
 Develop mathematical models using inverse variation. 
 Develop mathematical models using combined variation. 
 Develop mathematical models using joint variation. 

 
Conceptual Objectives 

 Understand the difference between direct variation and inverse variation. 
 Understand the difference between combined variation and joint variation. 

 
In this section we discuss mathematical models for different applications.  Two quantities 
often are related in real world applications and we say that these quantities vary with 
respect to one another.  Sometimes, things vary directly. For example, the more money 
we make, the more total dollars of federal income tax we expect to pay.  Sometimes, 
things vary inversely.  For example, when interest rates on mortgages decrease, we expect 
the number of homes purchased to increase, because a homebuyer can afford “more 
house” with the same mortgage payment when rates are lower.  In this section we will 
discuss quantities varying directly, inversely, or jointly.   
 
 
DIRECT VARIATION 
 
When one quantity is a constant multiple of another quantity we say that the quantities 
are directly proportional to one another. 
 
Direct Variation 
 
Let x and y represent two quantities.  The following are equivalent statements: 
 

 kxy =  where k is a nonzero constant. 
 y varies directly with x 
 y is directly proportional to x 

 
The constant k is called the constant of variation or the constant of proportionality. 
 
 
In 2005 the national average of cost of residential electricity was 9.53 ¢/kWh (cents per 
kilowatt-hour).  For example, if a residence used 3400 kWh, then their bill would be $324 
and if a residence used 2500 kWh then their bill would be $238.25.   
 
 
 
 



Example 1 Finding the Constant of Variation 
  In the U.S., the cost of electricity is directly proportional to the number of  
  kilowatts per hour (kWh) used.  If a household in Tennessee on average  
  used 3098 kWh per month and had an average monthly electric bill of  
  $179.99, find a mathematical model that gives the cost of electricity in  
  Tennessee in terms of the number of kilowatts per hour used.  
 
Solution: 
 Write the direct variation model.   kxy =  
 Label variables and constant.   kWh ofnumber  =x    
       (dollars)cost  =y  
       kWhper cost =k   
  
 Substitute given data kWh 3098=x  and 99.179$=y  into  kxy = . 
       k309899.179 =    
   

 Solve for k.     05810.0
3098

99.179
==k  

  
       xy 0581.0=  
In Tennessee the cost of electricity is 5.81¢/kWh. 
 
Your Turn Find a mathematical model that describes the cost of electricity in 
California if the cost is directly proportional to the number of kWh used and a residence 
that consumes 4000 kWh is billed $480. 
 
Answer xy 12.0=   (Cost of electricity in California is 12 ¢/kWh) 
 
 
Isometric growth, where the various parts of an organism grow in direct proportion to 
each other, is rare in living organisms. If organisms grew isometrically, young children 
would look just like adults, only smaller. In contrast, most organisms grow non-
isometrically; the various parts and organisms do not increase in size in a one-to-one 
ratio. One of the best known examples 
of non-isometric growth is human 
growth. The relative proportions of a 
human body change dramatically as the 
human grows. Children have 
proportionately larger heads and shorter 
legs than adults.   Allometric growth is 
the pattern of growth whereby different 
parts of the body grow at different rates 
with respect to each other. Some human 
body characteristics vary directly and others can be mathematically modeled by direct 
variation with powers. 



 
Direct Variation with Powers 
 
Let x and y represent two quantities.  The following are equivalent statements: 
 

 nkxy =  where k is a nonzero constant. 
 y varies directly with the nth power of x 
 y is directly proportional to the nth power of x 

 
 
One example of direct variation with powers is height and weight of humans.  Weight (in 
pounds) is directly proportional the cube of heights (feet). 
     3kHW =  
 
Example 2 Direct Variation with Powers 
  The following is a personal ad: 
  
  Single professional male (6 ft/194 lbs) seeks single professional female for 
  long term relationship.  Must be athletic, smart, like the movies and dogs  
  and have height and weight similarly proportioned to mine. 
 
  Find a mathematical equation that describes the height and weight of the  
  male that wrote the ad.  How much would a 5’6” woman weigh that has  
  the same proportionality as the male? 
Solution: 
 
 Write the direct variation (cube) model for height/weight.  3kHW =   
  
 Substitute given data 194W =  and 6=H  into 3kHW = .  3)6(194 k=  
     

 Solve for k.                90.0898148.0
216
194

≈==k  

  
          39.0 HW =  
 Let 5.5=H ft.      73.149)5.5(9.0 3 ==W  
 
 A woman 5’6” tall with the same height weight proportionality as the male would 
 weigh 150 lbs.  
 
Your Turn A brother and sister both have weight (pounds) that varies as the cube of  
  height (feet) and they share the same proportionality constant.  The sister  
  is 6’ tall and weighs 170 pounds.  Her brother is 6’4”, how much   
  does he weigh? 
Answer 200 pounds 
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INVERSE VARIATION 
 
Two fundamental topics covered in economics are supply and demand.  Supply is the 
quantity that producers are willing to sell at a given price.  For example, an artist may be 
willing to paint and sell 5 portraits if each sells for $50.  But that same artist may be 
willing to sell 100 portraits if each sells for $10,000.  Demand is the quantity of a good 
that consumers are not only willing to purchase but also have the capacity to buy at a 
given price. For example, consumers may purchase 1 Billion Big Macs from McDonalds 
every year, but perhaps only 1 million Fillet Minot’s are sold at Outback.  There may be 
1 Billion people who want to buy the Fillet Minot but don’t have the financial means to 
do so.  Economists study the equilibrium between supply and demand.  
 
Demand can be modeled with an inverse variation of price: when the price increases, 
demand decreases, and vice versa.   
 
 
Inverse Variation 
 
Let x and y represent two quantities.  The following are equivalent statements: 
 

 
x
ky =  where k is a nonzero constant. 

 y varies inversely with x 
 y is inversely proportional to x 

The constant k is called the constant of variation or the constant of proportionality. 
 
 

If x and y are related by the equation nx
ky =  then we say that y varies inversely with the 

nth power of x, or y is inversely proportional to the nth power of x. 
 
Example 3 Inverse Variation 
 
  The number of potential buyers of a house decreases as the price of the  
  house increases.   
 

 
If the number of potential buyers of a house in 
a particular city is inversely proportional to 
the price of the house, find a mathematical 
equation that describes the demand for houses 
as it relates to price. How many potential 
buyers will there be for a $2M house? 
 
 
 



Solution: 
 

 Write the inverse variation model.  
x
ky =  

 Label variables and constant.   dsin thousan house of price =x    
       buyers ofnumber  =y  
         
 Select any point that lies on the curve. )500,200(  

 Substitute given data 200=x  and 500=y  into 
x
ky = . 

200
500 k

=   

    
 Solve for k.     000,100500200 =⋅=k  
  

       
x

y 000,100
=  

 Let 2000=x      50
2000

000,100
==y  

 
There are only 50 potential buyers for a $2M house in this city. 
 
 
Your Turn In New York City the number of potential buyers in the housing market is 
inversely proportional to the price of a house.  If there are 12,500 potential buyers for a 
$2M condominium, how many potential buyers are there for a $5M condominium? 
 
Answer 2000 
 
 
 
 
JOINT VARIATION AND COMBINED VARIATION 
 
We now discuss combinations of variations.  When one quantity is proportional to the 
product of two or more other quantities it is called joint variation.  When direct variation 
and inverse variation occur at the same time it is called combined variation. 
 
An example of a joint variation is simple interest (Section 1.2) which is defined as 

tI Pr=  
 where 

 I is the interest in dollars 
 P is the principal (initial) dollars 
 r is the interest rate (expressed in decimal form) 
 t is time in years 



The interest earned is proportional to the product of three quantities (principal, interest 
rate, and time).  Notice that if the interest rate increases, then the interest earned also 
increases.  Similarly if either the initial investment (principal) or the time the money is 
invested increases then the interest earned also increases. 
 
An example of combined variation is the combined gas law in chemistry.  

V
TkP =  

where 
 P is pressure 
 T is temperature (Kelvins) 
 V is volume 
 k is a gas constant 

 
This relation states that the pressure of a gas is directly proportional to the temperature 
and inversely proportional to the volume containing the gas.  For example, as the 
temperature increases, the pressure increases, but when the volume decreases, pressure 
increases. 
 
As an example, the gas in the headspace of a soda bottle has a fixed volume.  Therefore 
as temperature increases the pressure increases.  Compare the different pressures of 
opening a twist off bottle of soda that is cold versus one that is hot.  The hot one feels as 
though it “releases more pressure.” 
 
Example 4 Combined Variation 
 
  The gas in the headspace of a soda bottle has a volume of 9.0 ml, pressure  
  of 2 atm (atmospheres), and a temperature of 298 K (standard room  
  temperature of F77° ).  If the soda bottle is stored in a refrigerator, the  
  temperature drops to approximately 279 K ( F42° ). What is the pressure of 
  the gas in the headspace once chilled? 
 
Solution: 

 Write the combined gas law.    
V
TkP =  

 Let 0.9 and ,298,2 === VTP .   
9

 298 2 k=  

 Solve for k.      
298
18

=k   

 Let 
298
18

=k , 0.9 and ,279 == VT  in 
V
TkP = . 87.1

9
279

298
18

≈⋅=P  

       
 Since we used the same physical units for both the chilled and room temperature 
 soda bottle, the pressure is in atmospheres. atm 87.1=P . 
        



Section 4.6 Summary 
 
In this section we discussed modeling of real world problems using direct, inverse, joint, 
and combined variation.  For two quantities x and y we say that  
 

 y is directly proportional to x if kxy = . 

 y is inversely proportional to x if 
x
ky =  

Joint variation is used when one quantity is directly proportional to two or more 
quantities.  Combined variation is used when one quantity is directly proportional to one 
or more quantities and inversely proportional to more or more other quantities. 
 
 
 
SECTION  4.6 EXERCISES 
 
Skills 
 
Write an equation that describes each variation.  Use k as the constant of variation. 

1. y varies directly with x. 
2. s varies directly with t. 
3. V varies directly with 3x . 
4. A varies directly with 2x . 
5. f varies inversely to λ . 
6. P varies inversely to 2r . 
7. F varies directly with w and inversely to L. 
8. S varies directly with both t and d. 
9. y is directly proportional to the square root of x. 
10. y is inversely proportional to the cube of t. 

 
 
Write an equation that describes each variation. 

11. d is directly proportional to t.  rd =  when 1=t . 
12. F is directly proportional to m.  aF =  when 1=m . 
13. V is directly proportional to both l and w. hV 6=  when 3=w  and 2=l . 
14. A is directly proportional to both b and h. 10=A  when 5=b  and 4=h . 
15. A varies directly with the square of r. π9=A  when 3=r . 
16. V  varies directly with the cube of r. π36=A  when 3=r . 

17. V  varies directly with both h and 2r .  1=V  when 2=r  and 
π
4

=h . 

18. F  varies inversely to both λ  and L .  
5
π

=F  when m1µλ =  and 100=L km. 

 
 
 



Applications 
 
 

19. Wages.  Jason and Valerie both work at Panera Bread and have the following 
paycheck information for a certain week.  Find an equation that shows their wages 
(W) varying directly with the number of hours (H) worked.  

Employee Hours Worked Wage 
Jason 23 $172.50
Valerie 32 $240 

 
20. Sales Tax.  The sales tax in Orange and Seminole Counties in Florida differs only 

by 0.5%.  A new resident knows this but doesn’t know which of the counties has 
the higher tax.  The resident lives near the border of the counties and is in the 
market for a new plasma television and wants to purchase it in the county with the 
lower tax.  If the tax on a pair of $40 sneakers is $2.60 in Orange County and the 
tax on a $12 t-shirt is $0.84 in Seminole County, write two equations one for each 
county that describes the tax (T) which is directly proportional to the purchase 
price (P). 

 
The ratio of the speed of an object to the speed of sound determines the Mach number.  
Aircraft traveling at a subsonic speed (less than the speed of sound) have a Mach number 
less than 1.  In other words, the speed of an aircraft is directly proportional to its Mach 
number.  Aircraft traveling at a supersonic speed (greater than the speed of sound) have a 
Mach number greater than 1. The speed of sound at sea level is approximately 760 mph.   
 

21. Military. The US Navy Blue Angels fly F-18 Hornets that are capable of Mach 
1.7.  How fast can  F-18 Hornets fly at sea level? 

22. Military. The Air Forces newest fighter aircraft is the F-22A Raptor which is 
capable of Mach 1.5.  How fast can a F-22A Raptor fly at sea level. 

 
The golden ratio, or phi, is a proportionality constant that appears in nature.  The 
numerical value of phi is 1.681.  Exercises 19 and 20 both are examples of this ratio and 
are from www.goldenratio.net. 
 
 

23. Human Anatomy. The length of your forearm F (wrist to elbo) is directly 
proportional to the length of your hand H (length from writs to tip of middle 
finger).  Write the equation that describes this relationship if the length of your 
forearm is 11 inches and the length of your hand is 6.5 inches. 

 
 



 
 

24. Human Anatomy. Each section of your index finger, from the tip to the base of 
the wrist, is larger than the preceding one by about the Golden (Fibonacci) ratio.  
Find an equation that represents the ratio of each section of your finger related to 
the previous one if one section is 8 units long while the next section is 5 units 
long.  

 
 
 
Hooke’s Law in Physics states that if a spring at rest (equilibrium position) has a weight 
attached to it, then the distance the spring stretches is directly proportional to the force 
(weight).   

 
kxF =  

 
where F is the force in Newtons (N), x is the 
distance stretched in meters (m) and k is the 
spring constant (N/m).  
 
 

25. Physics.    A force of 30 N will stretch 
the spring 10 cm.   How far will a force of 72 N stretch the spring? 

26. Physics.  A force of 30 N will stretch the spring 10 cm.  How much force is 
required to stretch the spring 18 cm? 

27. Sales.  Levi’s makes jeans in a variety of price ranges for juniors.  The Flare 519 
Jeans sell for about $20 whereas the 646 Vintage Flare jeans sell for $300.  The 
demand for levis jeans is inversely proportional to the price.  If 300,000 pairs of 
the 519 jeans were bought approximately how many of the Vintage Flare jeans 
were bought? 

28. Sales.  Levi’s makes jeans in a variety of price ranges for men.  The Silver Tab 
Baggy jeans sell for about $30 whereas the Offender jeans sell for about $160. 
The demand for levis jeans is inversely proportional to the price.  If 400,000 pairs 
of the 519 jeans were bought approximately how many of the Vintage Flare jeans 
were bought? 

 
In physics the inverse-square law is any physical law stating that any physical quantity or 
strength is inversely proportional to the square of the distance from the source of that 
physical quantity.  In particular, the intensity of light radiating from a point source is 



inversely proportional to the square of the distance from the source.  Below is a table of 
average distances from the sun: 

Planet Distance to the sun
Mercury 58,000 km 
Earth 150,000 km 
Mars 228,000 km 

 
29. Solar Radiation. The solar radiation on Earth is approximately 1400 watts per 

square meter.  How much solar radiation is there on Mars?  Round to the nearest 
hundred watts per square meter. 

30. Solar Radiation. The solar radiation on Earth is approximately 1400 watts per 
square meter.  How much solar radiation is there on Mercury? Round to the 
nearest hundred watts per square meters. 

31. Money.  Marilyn receives a $25,000 bonus from her company and decides to put 
the money towards a new car that she need in two years.  Simple interest is 
directly proportional to the principal and the time invested.  She compares two 
different banks rates on money market accounts.  If she goes with Bank of 
America she will earn $750 in interest but if she goes with the Navy Federal 
Credit Union she will earn $1500.  What is the interest on money markets at both 
banks? 

32. Money.  Connie and Alvaro sell their house and buy a fixer upper house.  They 
made $130,000 on the sell of their previous home.  They know it will take 6 
months before the general contractor will start their renovation and they want to 
take advantage of a 6-month CD that pays simple interest.  What is the rate of the 
6-month CD is they will make $3,250 in interest? 

33. Chemistry.  A gas contained in a 4ml container at a temperature of 300 K has a 
pressure of 1 atm.  If the temperature decreases to 275 K, what is the resulting 
pressure? 

34. Chemistry.  A gas contained in a 4ml container at a temperature of 300 K has a 
pressure of 1 atm.  If the container changes to a volume of 3ml, what is the 
resulting pressure? 

 
Catch the Mistake 
 

35. y varies directly with t and indirectly with x.  When 4=x  and 2=t  then 1=y .  
Find an equation that describes this variation. 

 
 Solution: 
  Write the variation equation.   ktxy =  
  Let 4=x , 2=t  and 1=y .   )4)(2(1 k=  

  Solve for k.     
8
1

=k  

  Substitute 
8
1

=k  into ktxy = .  txy
8
1

=  

  This is not correct.  What mistake was made? 



36. y varies directly with t and the square of x.  When 4=x  and 1=t  then 8=y .  
Find an equation that describes this variation. 

 
 Solution: 

  Write the variation equation.   xkty =  
  Let 4=x , 1=t  and 8=y .   4)1(8 k=  
  Solve for k.     4=k  
  Substitute 4=k  into xkty = .  xty 4=  
  This is not correct.  What mistake was made? 
 
 
Challenge 
 

37. T or F: The area of a triangle is directly proportional to both the base and the 
height of a triangle (joint variation) 

38. T or F:  Average speed is directly proportional to both distance and time (joint 
variation). 

 
Match the variation with the graph 

39. inverse variation 
40. direct variation 

   a  illustration graph y=2x for x>0 
   b. illustration graph y = 2/x for x >0 
 

Exercises 41 and 42 involve theory governing laser propagation through the Earth’s 
atmosphere.  The three parameters that help classify the strength of optical turbulence 
are 

 2
nC  - index of refraction structure parameter 

 k  - wavenumber of the laser which is inversely proportional to the 

wavelength λ  of the laser: 
λ
π2

=k . 

 L – propagation distance. 
 
 The variance of the irradiance of a laser, 2σ , is directly proportional to 2

nC , 6/7k , 
 and 6/11L .   

41. Optics. When 3/2132 m100.1 −−×=nC , 2=L km, and m55.1 µλ = , the variance 
of irradiance for a plane wave, 2

plσ , is 7.1.  Find the equation that describes this 
variation.  

42. Optics. When 3/2132 m100.1 −−×=nC , 2=L km, and m55.1 µλ = , the variance 
of irradiance for a spherical wave, 2

spσ , is 2.3.  Find the equation that describes 
this variation.  

 



Technology 
 
 
Least Squares Regression 
 
 
 
Answers 

1. kxy =  
2. kts =  
3. 3kxV =  
4. 2kxA =  

5. 
λ
kf =  

6. 2r
kP =  

7. 
L
wkF =  

8. ktdS =  
9. xky =  

10. 3t
ky =  

11. rtd =  
12. maF =  
13. lwhV =  

14. bhA
2
1

=  

15. 2rA π=  

16. 3

3
4 rV π=  

17. hrV 2π=  

18. 
L

F
λ
π2

=  

19. HW 5.7=  
20. Orange County: PT 065.0=   Seminole County: PT 07.0=  
21. 1292 mph 
22. 1140 mph 
23. 1.69 
24. 1.6 
25. 24 cm 
26. 54 N 
27. 20,000 
28. 75,000 



29. 600 w/m2 
30. 9,400 w/m2 
31. Bank of America: 1.5% Navy Federal Credit Union: 3% 
32. 5% 

33. 
12
11  or 0.92 atm. 

34. 
3
4  or 1.33 atm. 

35. y inversely with x. 
36. y varies directly with the square of x, 2x , not the square root of x. 
37. true 
38. false 
39. b 
40. a 
41. 6/116/722 23.1 LkCnpl =σ  

42. 6/116/722 4.0 LkCnsp =σ  
 


