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High-dimensional Newton's Method 
 Introduction 
We have learnt Newton’s method for a month. In this case, we discussed about 

high-dimensional problem. As we know, high-dimensional problem needs to use 

gradient function to find the minimizer which exists ▽f(X*) = 0. The formula can be 
referred as following, 

 
So, 𝑿𝑘+1 = 𝑿𝑘 – [D2f(𝑿𝑘)]-1▽f(𝑿𝑘). 

 Question 1 
Compare the steepest descent algorithm with the Newton’s method. 

Here is the sample code from the first problem by the Newton’s method. 

x = -5:1:5; y = -5:1:5; z = -5:1:5;  %plot the problem 

[xx,yy,zz] = meshgrid(x,y,z); 

ff = (xx-4).^4+(yy-3).^2+4*(zz+5).^4; 

xslice= 0; 

yslice = 0; 

zslice = 0; 

subplot(1,2,1); 

hold on; 

slice(xx,yy,zz,ff,xslice,yslice,zslice);   %It’s four dimensions 

 

xk = [2 2 -4]';              %initial point 

plot3(xk(1),xk(2),xk(3)); 

times = 2;                %operation times 

precision = 1;        %set the precision 

gra = [0 0 0]; j = 1; 
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syms x;         %set my function 

syms y; 

syms z; 

f =( (x-4).^4+(y-3).^2+4*(z+5).^4 ); 

fxy = gradient(f)       %gradient of my function 

hes = hessian(f,[x,y,z])      %hessian matrix of my function 

f =@(x,y,z)( (x-4).^4+(y-3).^2+4*(z+5).^4 ); 

    while precision > 0.0001 && times <200 %condition for finishing the roop 

        x = xk(1); 

        y = xk(2); 

        z = xk(3); 

        gra(times,1) = xk(1); 

        gra(times,2) = xk(2); 

        gra(times,3) = xk(3); 

        value = subs(f); 

        gra(times,4) = value; 

        dir = subs(fxy); 

        hesValue = subs(hes); 

        xk = xk - inv(hesValue)*dir;   %newton’s metod 

        plot3(xk(1),xk(2),xk(3)) 

          %calculate the difference 

diff(times) =abs(f(gra(times,1),gra(times,2),gra(times,3))-f(gra(times-1,1),gra(times-1,2),gra(times-1,3))); 

        precision = diff(times); 

        times = times + 1; 

    end 

gra 

diff' 

times 

subplot(1,2,2) 

hold on 

m = [1 2 3 4 5 6 7 8 9 10]; 

plot(m,diff(2:times-1)') 
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 f(x, y, z)=(x-4)^4+(y-3)^2+4*(z+5)^4 
By steepest gradient algorithm, my initial point is [ 2 2 -4], step size is 0.12. As shown 

in Figure 1, x* = 3.8173, y* = 2.9994, z* = -4.9086 and f(x*, y*, z*) = 0.0014 

through iterated 28 times. 

 
Figure 1.problem 1 by steepest gradient algorithm 

By the Newton’s method, my initial point is [ 2 2 -4]. As shown inFigure 2, x* = 

3.9480, y* = 3.0000, z* = -4.9740 and f(x*, y*, z*) = 0.0000 through iterated 10 

times. 

 

Figure 2.problem 1 by the Newton’s method 

To compare these two methods, the Newton’s method is more quickly and precisely. 

However, we can see that the minimizer ideally need to appear in the point [4 3 -5], 

and then we can get value 0 to be the minimizer. 
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 f(x, y)=3*(x^2+y^2)+4*x*y+5*x+6*y+7 

By steepest gradient algorithm, my initial point is [-1 -1], step size is 0.2. As shown in 

Figure 3, x* = -0.7542, y* = -1.2458 and f(x*,y*) = 5.8750 through iterated 9 times. 

 
Figure 3.problem 2 by steepest gradient algorithm 

By the Newton’s method, my initial point is [-1 -1]. As shown in Figure 4, x* = 

-0.3000, y* = -0.8000 and f(x*, y*) = 3.8500 through iterated 3 times. 

 

Figure 4.problem 2 by the Newton’s method 

To compare these two methods, the Newton’s method is more quickly but there is 

higher difference in the second iteration. On the other hand, by using the Newton’s 

method, we have smaller value as 3.8500. 

Although it takes 3 times, the second point is very close to the third point. 
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 f(x, y)=z^ T[3/2 2;0 3/2]z+ z^ T[3;1]-22 where z=[x; y] 
By steepest gradient algorithm, my initial point is [1 -1], step size is 0.4. As shown in 

Figure 5, x* = -1.7927 , y* = 0.1927 and f(x*,y*) = -22.9999 through iterated 12 

times. 

 

Figure 5.problem 3 by steepest gradient algorithm 

By the Newton’s method, my initial point is [1 -1]. As shown in Figure 6, x* = 

-1.4000, y* = 0.6000 and f(x*, y*) = -23.8000 through iterated 3 times. 

  

Figure 6.problem 3 by the Newton’s method 

To compare these two methods, the Newton’s method is more quickly but there is 

higher difference in the second iteration. On the other hand, by using the Newton’s 

method, we have smaller value as -23.8000. 

This problem result is the most similar by using these two methods. 
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 Question 2 
Describe how the initial point can affect the performance of your Newton's 

method. In this case, I used problem 2 to identify how the initial point can affect 

the performance. f(x, y) = 3*(x^2+y^2)+4*x*y+5*x+6*y+7. 

The distance is from (x, y) to (x*, y*) 

x y iteration x* y* f(x*, y*) distance 

 

We can see that what the initial point we choose, the final point is (-0.3, -0.8).  
 
 

 Question 3 
In what condition your Newton's method can fail. There are three situations as 

following:  
(a) Our initial point is too far from the final point. 
(b) Hessian matrix <= 0 so that it cannot calculate. 
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