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The following exercises are taken from [1| and [2].

(1) Suppose that the Frobenius algebra C associated with the closed string is semisimple, i.e.
C is given by C = @©,Ce,, where ¢, is an idempotent element satisfying e,e, = dzy€,.
(a) Show that the most general O,, is given by O, = &, End(W,,), for some family of
vector spaces W, .. You are free to use [1], Theorem A and Theorem 2.6.
(b) Show that O = &, Hom (W, ;, W, ,). This is [1], Lemma 2.7. You may also use [1],
Theorem A and Theorem 2.6 for this problem.
(c) Use (b) combined with the axioms of 2D open and closed TFT (the adjoint relation
and the Cardy condition, in particular) to deduce the following:

6u(0) = 3 V6, Tow,, (),

e
\/Z7
m(0) = B = Trwe ()P

(¥) = P Trw, , (¢a)

Solution.

(a) This follows almost immediately from Theorem 2.6 ([1]) and the Artin-Wedderburn
theorem. The latter tells us that the most general O, is the direct sum of algebras,
and the former says that each of these are given by the endomorphism ring of some
vector space.

(b) We will break the proof up into three phases: the case with a = b, the case where C
consists of a single idempotent, and finally the general case. The first case is almost
trivial. From [l], Theorem 2.6, we immediately have, by definition, that

Ouwa = P End(W,..) = P Hom(W, 03 Wea),

as desired. Moving on to the case when C = Ce, we begin by noting that since ¢, is
central (in the sense of axiom 3c), we can see that ¢,(€)O, is actually a bimodule
over both O,, and Oy,. Indeed, we have that

la (5)Oab = OabLb (8)

Moreover, a simple corollary to the Artin-Wedderburn theorem tells us that there

is only one irreducible representation of O,, (or, equivalently, only one irreducible

module over O,,), which is given by W, itself. Furthermore, the only O,, X O-

bimodule is given by W7 @ W,. This means, of course, that we have that O,, =
1
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naWr @ W, for some ng € N. This is almost what we need, as a classic result
about vector spaces tells us that

W» @ Wy, = Hom(W,; Wy);

what remains to be shown is that n,, = 1, so that we may apply this result. This
restriction on n,;, arises as a consequence of the Cardy condition. Indeed, writing a
basis for W, as v,, and a basis for W}, as w,,, we have that

nabTrWa (¢)Pb = Z(w;’a ® Un,a)w(v;;,a ® wm,a) = ﬂ-g(d}) = o La@/’) = TrWa (¢)Pb7

m

thus ng, = 1, and the result follows from what was said above. The latter phase is
completely by merely applying what we have just proven to each piece of the direct
sum over x indexing the idempotents.

(c) These follow from simple calculations. We will derive the second equality first. We
begin by noting, as they did in [1], that ¢(S=—%) = d,,. Indeed,

vz /o,

Ex € 1 1 0 0
0 = 2 = 0 T = 0 5ac = Y :(Sx .
(Vi) = it = Jgeoae = et oo

This means that €,/1/0, form an orthonormal basis for C. Thus (%(®,,) € C can
be written as

-

() = @%(%)TEZ

for some a, depending on v, — we simply need to show that this coefficient is given
by the trace. To this end, we employ the adjoint relation in the following way:

a _ Eaby Oy ay(ty)
L (Y)ey, = @ar(d}x)ﬁ = @%(%)\w—m = \/e—y

= 0c(1*(¥)ey) = 0a(Pia(ey)).

Simplifying, we get the desired relation a,(¢,) = Trw, ,(¢;). The first equality
also follows immediately from these considerations, just using 1¢ instead of ¢, and
applying axiom 3d. The final equality follows immediately from the preceding two
and the Cardy condition.

(2) Take the algebra C = H*(X, C) with the trace map 0(¢) = [ ¢.

(a) Verify that the Frobenius algebra O = C ® Maty(C) with the trace map 0o =
[ Tr(¥) does NOT give rise to an open and closed TFT. Which TFT condition is
violated?

(b) (Optional) Let Y be a submanifold of X. Could you write down a version of open and
closed TFT by using O = H*(Y, C)@Maty(C) with the trace map 6o = 6y [, Tr(¢)?
Determine the value of the constant 6, and give some concrete examples.

Solution.

(a) The Cardy condition is the one that fails to be met. Indeed, we only have on choice
for the maps (* and ¢,, which are

ta(p) = @1y and 14(¢) = Tr(¢)).
Thus
(to 0 ") (¥) = tp(Tr(¢)) = Tr(¥) ® 1.

On the other hand, however, we have that

7rg<1/}) = Z(_l)degwi(degwﬂ-degwi)wi ® €pm A w A wi ® ey = X(TX) A TH/J,
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where w; is a basis for H*, e, are the units in Maty(C), and x is the Euler class.
Since this vanishes on forms of positive degree, it does not agree with what we
derived above for the right side of the Cardy condition.

(b)
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